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Abstract

Inviscid flow in the circumferential direction of a liquid conductor con-
fined between two concentric cylindrical electrodes and driven by the
Lorentz force created by crossed electric and magnetic fields is considered.
It is shown that, in general, no well-behaved solutions exist to the
inviscid problem without secondary flow. Two special solutions are

given corresponding to zero field and zero current degeneracies of the
governing equations and boundary conditions. It is also shown that hydro-
static equilibrium is incompatible with current-flow, even when no external
magnetic fields are applied. An additional boundary condition on the

radial magnetic field is also derived as a consequence of the basic formula-

tion.




A. Introduction and Formulation of the Problem

We consider the problem of a liquid conductor (such as mercury) con-
fined between two concentric cylindrical electrodes. The liquid metal is
electromagnetically accelerated by the Lorentz force in the circumferential
direction created when a current is passed between the two electrodes (held
at different potentials) and an axial magnetic field is applied. See the
Figure. The governing equations are the coupled momentum and Maxwell
equations together with Ohm's law in the special case of steady state, in-
viscid flow with constant properties. Axial symmetry is also assumed.

Gravity body forces have been neglected. The equations in vector form are

then:
v .-v =0 (conservation of mass) (1)
v . B = (conservation of magnetic flux) (2)
vxB =yl (Ampere's law) (3)
vx E =0 (Faraday's law) (4)
I1=0E+yxB) (Ohm's law) (5)
sz/z -vx (vxv)=-vp/p +(1/p) (Ix B) (conservation

of momentum) (6)

Combining Egs. (3) and (6) gives the "momentum eq.", and (3), (4), (5)

gives the "magnetic eq.". Thus, we have:

v .v =0 (7)
v-B =0 (8)
vx Bxv)+(1/ug)vx (vxB)=0 (magnetic equation)  (9)

2
vv /2 -vx(vxy) =-vp/p+(1/py) (vxB) xB
(momentum equation) (10)




with the boundary conditions:*

r

2
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where B is the magnetic induction, v is the velocity of the fluid, yis the
magnetic permeability, g is the electrical conductivity, p is the pressure,
;zfo is the potential difference between the two electrodes. We have also
assumed that there is no secondary flow.

The boundary conditions are consequences of the following physical
considerations. Boundary condition (1) is a statement that the difference
in potential between the inner and outer electrodes is ;zfo, which is a line
integral of E from one electrode to the other and independent of the path
by virtue of Eq. (4). We have chosen a radial path for the line integral and
E has been replaced by its value through Ohm's law and ] has been replaced
by curl B through Ampere's law. Boundary condition (2) is found from the
integral form of Ampere's law and states that all of the current comes in from
the bottom and none leaves through the top. See the Figure. This is con~
sistent with insulated end plates, Iz = 0 at z =+ L. Assuming that the

electrodes are perfect conductors, E must be radial at the electrode surfaces.

*Boundary conditions on B_and B are also required for a unique determination
of the fields. However, these bozundary conditions are dependent on the
geometry of the magnet producing the external field. An internal boundary con-
dition on Br is derived in Section D.
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Then Ohm's law together with v = VGLG only* and J replaced by curl B
yields boundary conditions (3) and (4). For arbitrary values of the
physical parameters, the equations split up into autonomous subsystems,
i.e., the magnetic field may be solved for independently of the flow and
the coupling between the magnetic and velocity fields enters through

the boundary conditions. We prove here a nonexistence theorem: no
well-behaved solutions of the above equations and boundary conditions

exist.

In scalar, component form, the equations become

ave/ae = 0, conservation of mass (v =1_v_ only because (11)
secondary flow is neglected)

(1/r) 3/3r (rBr) + aBz/az = 0, conservation of magnetic flux (12)

3/ 3z (3 Br/az - aBz/ar) = 0, r - magnetic eq. (13)

/3¢ [r(aBz/ar—aB/az)]=0, z - magnetic eq. (14)

-azBe/a 22 - 3/3r[(1/r) 3/5r (rBe) 1=

(15)
Lo [3/3z (VGBz) + 3/3r (VGBr) ]
8 - magnetic eq.
- vez/r = =(1/p) 3p/ar + (1/pu) [B, (3 B /3z - aBZ/ar) -
(16)
(Bg/r) 3/3r (rBy) ]
r - momentum eq.
Bza Be/az + (Br/r) 3/ 3r (rBe) =0, 6 - momentum eq. (17)

*The assumption that v, is the only velocity component is consistent with
the assumption that only viscous forces may give rise to secondary flow.
We will show, however, that this leads to a possible contradiction.
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0 =(1/p) ap/3z + (1/pu) [BeaBg/az + BraBr/az -

BraBz/ar] , z - momentum eq. (18)

with boundary conditions (1) - (4).
Egs. (13) and (14) with boundary condition (4) yield
aB-z/ar - aBr/az =0, r & z magnetic eq. (19)

This proves that Ie =0 (Eq. (19) is the 8 component of curl B). We observe
that this result is independent of the form of the momentum equation and,
therefore, is valid for viscous flow as well. Thus the assumption that ]9 =

Izl

0 often made is here proved as a consequence of the boundary con-

dition that Ee = 0 at the electrodes (which merely assumes that the electrodes
are perfect conductors) and Eqs. (3, 4, 5).
Eq. (19) replaces Egs. (13), (14) and boundary condition (4). Note

that Egqs. (19) and (12) form an autonomous subsystem for Br and Bz, and

the results may then be put into Eq. (17) for BG'

B. Nonexistence Proof

We shall now prove nonexistence of solutions to the problem formu-
lated above for the two cases v9 # 0, and v6 = 0.
1. vy #0

From boundary condition (1)

1 3By
~vgB_ =0 + 55 3z (20)

I

2
where fl is restricted by ;250 = f fl(r) dr. By virtue of Eq. (20), the z-
r
1

derivatives in Eq. (15) sum to zero, leaving
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1 d
-VGBr = gl(z) + 0ot 3F (rBe) (21)

From boundary condition (3), gl(z) = 0. From Egs. (21) and (22)

1
B — i— (rBe)
r Lol or

1 d
z —— —
fl(r) * Mol 92 (rBG)

Using Eq. (23) to eliminate Bz/Br in Eq. (17) and making the substitution

rB9 = F(r, z) (24)
we find
.2 2
(a_F) + (éf) +uorl fl(r)_a£=0 (25)
or d2 3z

with boundary condition (2)

F(z =-L) = ul/2n, F(z = +L) = 0.

dF F
We also have at z = + L that — = 0 and a— = 0. The former condition is
or 92

just the r-derivative of the boundary conditions of (25) and the latter con-

dition follows from applying the former to Eq. (17) at z = + L, provided that

Bz #Oatz=+1L. If Bz = 0, then we obtain a special solution given in




Section C.

By successive differentiation of Eq. (25) with respect to z and applica-
tion of the boundary conditions on the planes z = + L, it is easily seen that
all z derivatives of F vanish on z = + L. Since F is clearly a function of z by
boundary condition (2), this proves that no well-behaved* solutions exist to
Eq. (25). Consequently, the formulation with the assumptions of inviscid

flow and one velocity component admits no well-behaved solutions.

2. ve=0

In this case, boundary condition (1) gives
aBe/az=f4(r) (26)

and integration of Eq. (15) gives

) -
Y3 (rBe) = g3(z). (27)

Integration of Eqs. (26) and (27) and application of boundary conditions (2)

and (3) (for v, = 0) yield the unique solution

8

B -kl {__z_ +1J (28)
8 nl L

The current-voltage characteristic obtained from boundary condition (1) is

the same as for the zero field solution found in Section C below:

*A function may be nonzero and all its derivatives_rv}g vanish gjc a boundary
if it exhibits exponential behavior, e.g., f(x) + e as x +0 . We have
excluded this type of singular behavior by use of the terminclogy "well-
behaved."




I r
g = 2
"o apoL o X (29)

Br and Bz are obtained from the solution of the autonomous subsystem,

Egs. (12) and (19). To determine these fields uniquely requires certain
external boundary conditions, in addition to the internal boundary condition
derived in Section D. The pressure is found directly from Eqs. (16) and (18)

giving in turn p = p(z) and

BZ

8
plz) = -7 +f5‘(r). - (30)

where Be is given above by Eq. (28). This is a contradiction because no

combination of p(z) - fs(r) can give the behavior of B 2 , regardless of Br

e
and B .

z

Egs. (28) and (17) yield Bz = 0 and then Eqs. (12) and (19) show Br =
c/r. We have shown that the only configuration compatible with no flow is
I=0 and ;z{o = (, for which all components of magnetic induction are zero,
p = constant and velocity is zero. This is the trivial solution. The con-

tradiction indicates that the z-body force ]rB cannot be balanced by a

8
pressure gradient. This suggests that some kind of cellular flow pattern

must be created by the passage of current.

C. Special Solutions

Two special solutions are of interest because they demonstrate that by
a certain degeneracy in the equations or boundary conditions, solutions may
exist. The special solutions are (1) BZ =0 and (2) I=0. These may be
thought of as the "zero field solution" and the "zero current solution, "

respectively.



1. Bz =0
From Eqs. (12) and (19), we obtain
Br = cl/r (31)
Boundary condition (1) yields aBe/az = f(r). Integrating with respect to z

and using boundary condition (2) gives for Be:

i[—_z_ +1J
B9= nr T (32)

Substituting Eq. (32) into boundary condition (1) gives the current-voltage

characteristic of the device:

I ) |
ﬁfo = mlﬂ q (33)
Now from boundary condition (3), VGBr =Qatr= Ly r=r,. From Eq. (31),

v.e./r=0atr=r., r=r Two cases are possible:

81 1 2°

@ v.=0onr=r_ ,r=r.-

8 1 2

From Eq. (15), % (VGBr) = Qor veBr = vecl/r = g(z). Since

rg(z)
v, = cl , then v

N =Qonr = I r r, is possible only if

]

g(z) = 0. Thus v9 = 0 everywhere. This leads to a contradiction

as shown above in Section B.2.

(b) Br= Qonr =r,.r=r,.
This requires c, = 0 so Br = 0 everywhere. From Eq. (18),

2
B

o +—295— = 1,0 (34)



where B is known from Eq. (32). Eq. (16) gives v

) -

r
Vo =3—}-=%[f2 () -2, ] (35)

Note that the velocity distribution is given in terms of a
single arbitrary function of r, which is to be expected for

an inviscid flow.

2. I=0

Boundary condition (2) now states B. = 0atz=+L. Now B

0 6
is created by the current flowing in the central electrode (through Ampere's
law). Thus if the current is zero, so also must be BG' From boundary

condition (3), v Br =Qatr= Iy r=r,. Two possibilities follow.

e
=Qonr=r.,r=r

(@) vg 1 2°

From boundary condition (1) v BZ = fl(r) . Then Eq. (15) gives

e
VGBr = gz(z) . gz(z) must equal zero by virtue of boundary condi-

tion (3). Since in this subcase, Br is not to be taken as zero,

this implies v, = 0 everywhere which is the trivial solution.

e

(b) Br=00nr=r ,r=r

1 2°
Eliminating BZ from Egs. (12) and (19) yields for Br

2113 =0 (36)
ar [r ar (rBf)] ¥ 2

subject to the boundary conditions Br =0on z =+ L (see Section

D for a derivation of this boundary condition) and r=r., r By

1 °2°
separation of variables for Eq. (36), it is easily shown that Br =

0 is the only solution satisfying the boundary conditions. From
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Eqs. (12) and (19), Bz = constant = Bo' Eg. (15) vields
Vg = fs(r) and Eq. (18) gives p = p(r). Then Eq. (16) relates
p(r) to ve(r),

ap/3r = pVez/f = pf3z(r)/r- (37)

We observe that the velocity field is again given by an
arbitrary function of r.

The current-voltage characteristic (with I =0,

Be = 0) is then deduced from boundary condition (1) as
22
g,="B, f f(r)dr (38)
N

which merely states that, if no current fiows, the “"applied

emf" is equal and opposite to the "back emf."

D. Derived Boundary Condition, Br =0onz=xL

From boundary condition (1),

— — + v = £0). (39)

Thus the two z-derivative terms in Eq. (15) cancel out and integrating the

remainder of Eq. (15) gives

1 3 _ _
- £ 37 (tBg) = uovgB. = g5(2) (40)
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)
From boundary condition (2), at z = + L, 3T (rBe) = 0. Thus gs(z =+1)=

HGVBBr evaluated at z = + L. Therefore, on the planes z = + L, veBr is a
constant (independent of r). We can evaluate this constant at the corners

(rl, L), (rz, L), (rl, -L), and (rz, -L) provided that v Br is a continuous

8
function of its arguments. From boundary condition (3),

L2 () = B at r=r,,r=
__r__aTre uoVB at r=r ., r=r,.
By comparison with Eq. (40), g3(z) = 0 at the corners and, in fact,

93(2) = 0 everywhere. Thus

= = +
VGBr Oonz=+1 (41)
We treat each of the two possibilities in turn.
(a)ve=00nz=;|-_L
aBe
Boundary condition (1) applied at z = + L gives 3z =
f4(r) # 0 if gfo #0. Now Eq. (17) evaluated at z = + L (using
boundary condition (2)) gives Bz aBe/a z=0. If Bz(z =+ 1)
#0 (Bz = 0 yields a special solution) then aBe/az =0 on
z = + L. This contradicts the result from boundary condition

(1)where v, = 0onz = +L. Thus v, cannot equal zero on

e e

z=+1L.

(b) Br=Oonz=iL

This is consistent with boundary condition (3). From Eq. (17),
if Bz(z =+ 1) # 0 then aBe/az =Qonz=+L. Yet, since

Vg #0onz =+ L, boundary condition (1) can be satisfied.
Since no contradictions arise here, we conclude

B,=0 on z=xL. (42)
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E. Summary

We summarize the analyses given above in the chart below.

Complete Formul

ation¥*

v9=0

no solution

unless I =0
(zero flow)

I=0
Special Solution
(zero current)

B =0
z

Special Solution|
(zero field)

B #0
z
general case

no well-behaved
solutions exist

*Inviscid, steady, no secondary flow, perfectly conducting electrodes, etc.
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FIGURE CAPTION

Sketch of the annular gap and geometric configuration.

-14-~




/_JNSULATOR

[1///

7777,

(LN

OUTER
ELECTRODE—

i

INSULATOR

LIQUID
METAL

LIQUID
METAL

/L[] L

‘Q//////

v

OUTER
—ELECTRODE

_15_



